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Abstract

The Fermat last theorem states that there is no integer triple (a,b,c) such that a™ + b™ = ¢™ for n >2. And
in an extension of Fermat’s last theorem, they shown that a™ + b™ + ¢™ = d" is true for n=2,3 and in the
extention of an extension of fermat’s last theorem proved that a™ + b™ 4+ ¢" + d™ = e" for n=2 and now
in this paper it is an attempt to show that a + b™* + c" +d" +e™ + f" + g" = h™ for n=2
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Introduction

Pierre Fermat (1601-1665) wrote a comment by the side while reading a book of Pythagoras triple that
there is no integer triple(a,b,c), for which a™ + b™ = ¢™ for n > 2 this result known as Fermat’s last
theorem and unsolved till 1995 when Andrew wiles in a 110-page paper was able to provide a proof [4]

Then in an extension of Fermat’s last theorem it is an attempt to extend the Fermat’s last theorem to
integer quadruple and proved the result for a™ + b™ + ¢™ = d" for n=2,3

And in an extension of an extension of fermat’s last theorem proved for integer quintuples a™ + b™ +
c"+d"=e" forn = 2.

And in an extension of fermat’s last theorem in five dimensional Euclidean space prove for integer sextuples
at+b"+c"+d " +e*=f"forn=2

And in an extension of fermat’s last theorem in six dimensional Euclidean space, prove for integer septuples
a+b"+c"+d " +e+ fr=g"forn =2

Now in this paper it is an attempt to solve to solve for integer octuples
at+b"+ct+d " +e*+ "+ gt =h"forn=2
Preliminary results

We present few results on integer octuple
Result 1

If, then multiple of any integer n with this integer octuples is again an integer octuples
(na,nb,nc,nd,ne,nf,ng, nh)
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Proof

(na)? + (nb)? + (nc)? + (nd)? + (ne)? + (nf)? + (ng)? = n?a? + n?b? + n?c? + n?d? + ne? +
n2f2 4 n2g?

=n?(a®* +b* +c*+d*+e*+ f2+ g?%)
=n?(h?)
Result 2
For any octuples (a,b,c,d,e,f,g,h), if ais even and b,c,d,e,f,g are odd then h cannot be an odd
Proof
Let
a =2p, b=2g+1, c=2r+1, d=2s+1 e=2t+1 f= 2I+1,g= 2m+1
forp,q,r,s,tl,mez
ifa? +b?>+c2+d*+e?+f2+g%=
Cp)?+ Qg+ 12+ Qr+1)2+2s+ 1?2+ 2t + 1) + (2L + 1D2+(2m + 1)?
=4p? +4q°+1+4q+4r2+ 14+ 4r+4s?+ 1 +4s+4t2+ 1+ 4t +41°+1+4l+4m? + 1+ 4m
=202p%+2q* +2r2 + 252+ 2>+ 212+ 2m? + 2q + 2r + 2s + 2t + 21 + 2m) + 6
Which is an even number
Result 3
For any octuples (a,b,c,d,e,f,g,h), if a,b are even and c,d,e,f ,g are odd then h must be an odd number
Proof :
Let a=2p, b=2q, c=2r+1, d=2s+1, e=2t+1, f=2I+1, g= 2m+1

a’? +b*+c*+d* +e*+f? + g°
=4p? +4¢*+ Q2r+ 1%+ 2s+ D?+ 2t + 1D*+ 2L+ 1?4+ 2m + 1)?

=4p? +4¢2 +4r2+ 1+ 4r+4s?+ 1+ 4s+4t2+ 1+ 4t + 412+ 1+4l+4m? + 1+ 4m
h?  =202p%+2¢* +2r2 + 2r2 + 2t2 + 252 + 21+ 4m? + 2r + 2s + 2t + 2l + 2m) + 5
Which is an odd number
Result 4
For any octuples (a,b,c,d,e,f,g,h),if a,b,c are even and d, e, f,g are odd then h must be an even
Proof
Let a=2p, b=2q, c=2r, d=2s+1, e= 2t+1, f=2I+1, g= 2m+1

a®+b*+c?+d*+e*+f?+g°
=2p)?+2*+@2r)2+2s+1D?*+2t+1D?+ 2l+ 1%+ (2m + 1)?

=4p? +4q* +4r* +4s*+ 1+ 4s+4t> + 1+ 4t + 412+ 1 + 4l+4m?* + 1 + 4m
h? =4p? + 4% + 412 + 452 + 42 + 412+ 4m? + 4s+ At + 4L+ dm + 4

An even number
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Result: 5

For any octuples (a, b, ¢, d, e, f,g,h),if a, b, ¢, d are even and e,f,g are odd then h must be odd
Proof

Let a=2p, b=2q, c=2r, d=2s, e= 2t+1, f=21+1, g= 2m+1

a?+b*+c?+d*+el+f2+g2=4p*+4¢* +4r* + 45> +4t> + 4t + 1+ 412+ 1+ 41+ 4m?* +
1+4m

=2(2p% + 2q% + 2r? + 252 + 2t + 212+ 2m? + 2t + 21 + 2m + 1)+1
h? = an odd number
Result 6
For any octuples (a, b, ¢, d, e, f,g,h), ifa, b, ¢, d, e are even and f,g is odd then h must be an even
Proof
Let a=2p b=2q c=2r, d=2s, e= 2t, f=2I+1, g= 2m+1
a?+b*+c?+d*+el+f2+g2=4p*+4q° +4r2 +4s2 + 42+ 412+ 14+ 41+ 4m> + 1 + 4m
=2(2p% + 2q% + 2r2 + 252 + 2t + 212+ 2m? + 2l + 2m + 1)
h? = an even number
Result 7
For any octuples (a, b, c,d, e, f, g, h),ifa, b, c,d, e, fare even and g is odd then h must be odd
Proof
Let a=2p b=2q c=2r, d=2s, e= 2t, f=2|, g= 2m+1
a?+b*+c?+d*+el+f2+g°=4p*+4q° +4r2 +4s? + 4t + 412+ 4m?* + 1+ 4m
=2(2p% + 2q% + 2r% + 25% + 2t% + 21% + 2m? + 2m)+1

an odd number

Result 8

For any octuples (a, b, ¢, d, e, f, g, h),if a, b, ¢, d, e ,f, g are odd then h must be odd
Proof:

a =2p+1, b=2g+1, c=2r+1, d=2s+1 e=2t+1, f=2I+1, g= 2m+1

forp,q,r, s, t, [, mez

ifa®? +b*+c?>+d*+e’ +f2+g° =

Cp+ 12+ 2q+1)*+@r+ 1%+ (2s+ 1%+ 2t + 1)% + (21 + 1)?+(2m + 1)?

=4p®+4p+1+4¢°+1+4q+4r*+1+4r+4s> + 1+ 4s+4t> + 1+ 4t + 412+ 1 + 41 + 4m?
+1+4m

=202p2+2q* +2r2 + 252+ 2t2+ 21+ 2m?* + 2p + 2q + 2r + 2s + 2t + 21+ 2m + 3) + 1

Which is an odd number
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Result 9

For any octuples (a, b, c,d, e, f, g, h),ifa, b, c, d, e, f,gare even then h must be even

Proof

Let a=2p b=2q c=2r, d=2s, e= 2t, f=2I, g=2m

a?+b%+c?+d*+e?+ 2+ g% =4p*+4q* + 4r? + 4s? + 4t% + 41% + 4m?
=2(2p? +2q% + 2r? + 25?2 + 2t% + 212 + 2m? +)
An even number

Main result

Integer octuples and the seven dimensional Euclidean

Here we relate the integer octuples (a,b,c,d,e,f,g,h) to points on seven dimensional Euclidean space and a
solution is obtain for the equation x? +y? +z2 +u? +v2+w? + 0% =1 from we get the general
solution for integer octtuplesis a? + b% + c2 + d? + e? + f2 + g? = h?

Let (a, b, ¢, d, e, f, g, h), be integer octuples for which a? + b? + c? + d?> + e? + f2 + g% = h?

2 2 2 2 2 2 2
vide by h* D @@ 6 6 6 () -
D|V|debyh,weget(h) +(h + - + - + - + - + . 1
_______ 4 H H 2 2 2 2 2 2 2
(h,h,h,h,h,h,h) is the Solution of the equation x“ + y~ + z* +u* + v+ w* +0° =1
Here x%2 + y2 + z2 + u? + v2 + w? + 0% = 1 is an 7 dimensional Euclidean space whose coordinates (x, v,

z, u Vv, w0 ) are rational number. Notice that it has 14 coordinates’ points
(i]‘!OPO’OIOFO’O)’ (0) il'0,0,0,0,0)' (OJOI i]‘PO)OIO’O)I (OIOIOF i]‘!OIOFO)) (OFOIOFOJ illolo)and

(0)010'0)0’ illo)l (OIOIOIOIOIOI ) il)

Suppose we consider a vector b and the line L going through the point ((—1,0,0,0,0,0) having b as its
direction. The line L is given by the vector equation

L:r=—i+tb

Where b=byi + b,j + b3k + byl + bsm + bgn + b, the Cartesian equation of L is given by

x+1 _y z u

w o . . .
—_—=— To find the intersection of space and L, we have to solve
b1 bz b3 b4 b5 b6 b7

2 2 2 2 2 2 2 x+1 y VA u v w o]
X Z u v w o‘=land —=<f="=s—=—=—=—
Tyttt rut vt wt by b, bs b, bs b b

From the above equation we get

by (x+1 b3 (x+1 by(x+1 bs(x+1 bg(x+1 by (x+1
YO bsGetD) | baGebD) L bsGet) | beGetD) by
by by by by by by

Now substitute these values in Euclidean space equation we have

b(x + DY (b + D\ [by(x+ D\ (be(x+D\2  (bg(x + N2 (by(x + 1)\
x2+<T>+(T>+(T>+( b, )*( b, >+(b—1>:1

bix? + by (x + 1% + by” (x + 12 + by (x + 1) + bs” (x + 1)? + be”(x + 1)? + b, (x + 1)? = by

(by? + by® + bs®+b,” + bs® + bg” + +b,%)x? + 2(b,* + bs®+b,” + bs® + bg” + b;°)x + by” + b3*+b,”
+ b52 + b62 + b72 = b12

(by? + by + by®+b,” + bs” + bg” + b;?)(x? + 2x + 1) = 2b,*(x + 1)
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(by? + by + by®+b,” + bs” + bg” + b;?) (x + 1)% = 2b, % (x + 1)

(by? + by* + bs®+b,” + bs® + bg” + b;”)(x + 1) = 2b;,”

b2 — by? — b3?—by? — bs® — bg® — b,”
x =
bi? 4 by? 4 b3®4b,% 4 bs® + bg® + b,”

Similarly the value of y, z, u, v, w and o are

2b,b,

Y b2+ by + by +b,% + bs? + b2 + b,”
2b. b,
S B2 4 b2 4 by’ 4y + bt + g2 + b7
o 2b,b,
b2+ b2+ b +b, 2+ bl + bt + b, Y
2b, be

V= )
by? + by? + b3®4b,* 4 bs® 4 bg® + b,°

2b, by
w =
bi? 4 by? 4 b3®4b,? 4 bs® 4 bg? + b,?

And

2b,b,
0= )
bi? 4 by? 4 b3®4b,* 4 bs® + bg® + b,°

Thus every point (x,y, z, u, v, w, 0 ) on the 7 dimensional Euclidean space
x2+y?+z22+ul+vi+w?+oi=1

| b12=by?—b3?—b,%—bs?—bg?—b,?2 2b,b,
<b12+b22+b32+b42+b52+b62+b72 " D124y 2 +b3 2 +b, 2+ b2 +bg 2 +b, %’
b2 4D, 2 4b3%+by 2 +bs24bg% +b,2 b1 2 +by 2 +b3 % +by 2 +bs 2 +bg % +b, 2’
2b4bs 2b, by 2b,b,
b2 4D, 2 4b3%+by 2 +bs24bg% +b,2 b1 2 +by 2 +b3 % +by 2 +bs 2 +bg % +b, 2’ b12+b22+b32+b42+b52+b62+b72)

Now we give a result which obtain the octuples (a, b, c,d, e, f, g h)

Theorem

Foranyintegera =p? —q? —r?—s? —t?—12—m?, b = 2pq,c = 2pr,d = 2ps,e = 2pt,f = 2pl,g =
2pm forp,q,7,s,t,l,m € zthen

h=p?+q?+7r%+s?+t?+1?+m? Willsatisfies the equation
a®+b*+c*+d*+e®+ f*+g* =h?
Proof

Nowa? +b?+c?2+d*+e?+f2+g2=P?>—q*>—r?—s?2—t>—1>—m?)? + 2pq)* + (2pr)* +
(2ps)? + (2pt)* + (2p1)* + (2pm)?

2
=(p? — (@ +r2+s2+t2+12+m?)) + 2pg)? + 2pr)? + (2ps)? + (2pt)? + +(2pl)? + (2pm)?
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=p* —2(q* +r? + s +t> + P+ m*)p* + (¢® + 1’ + 57 + t* + P + m?)? + 4p?q® + 4p*r® + 4pPs® +
4p2t? + 4p2l* + 4p*m?

=pt+2(q2+ 12+ s2+ 2+ P+ mP)p? + (2 + 12+ s2+t2 + 12+ m?)?
=(p?2+q*> +r>+s?+t>+ 12+ m?)? =h?
Conclusion

In this paper | extend the Fermat’s last theorem and an attempt made to produce the result for a™ + b™ +
c"+d"+e™ + "+ g™ = h™ for n=2, thus we called an extension of Fermat’s last theorem in seven
dimensional Euclidean space
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